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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS
TECHNICAL NOTE XO. 746

THE FREQUENCIES OF CANTILEVER WINGS IN
BEAM AND TORSIONAL VIBRATIONS

By 0. P. Burgess
SUMMARY

Methods are descrlbed for caleulating the period and
frequency of vibration of cantilever winge and similar
structures in which the weight%t and moment of inertia vary
along the span.- Both the beam and torsionmal frecgquencics
may be calculated by these methods. The procedure is
illustrated by examples. -

It is shown that a surprisingly closec approximation
to the beam frequency may be obtained by a very brief
calculation in which the curvaturc of the wing in vibra=
tion is assumed to be constant. A somewhat longer compu~-
tatior permits taking account of the true curvaturc of
the beam by a series of successive approzximations which
arc shown to be strongly convergent.

Analogous methods are applicd to calculations of the
torsional frequency For the first approximation it is
assumcd theat the angle of twist wvaries lincarly along the
senispan. The true variation of the twist is computed by
successive approxinmations which arec strongly converacnt,
as ian the case of bean vibrations. -

Hotation

v, strain energy.

K, kinetic cnergy.

E, modulus of elasticity in tension.

G, modulus of elasticity in shear.

&, accecleration of gravity.
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period of wvibration.

‘frequoency of vibration.

disténce from foot.
deflection.,

radius of curvature.
velocity in beom vidbration.

moment of inertia (beam).

‘'wolght por unit length.

polar moment of inortia of welght per unit longth.
coacentrated woight.
shearing forco.’

bendiang moment.

‘torsional momecnt.

angle of -twist.
angutar velocity in torslonal vibration.
length of cantilever.

-

arcea incloscd within cross-section of btorgue
resistant structure.

porimetor of cross section.

thickness of shell,

Beam Vibration

At the instont of moaximum amplitude of vibration,
the beom has no motion a2nd no kinetic onergy. Tho strain
cnergy in thc bent beam is given by

Vv = (1/2)/ EI(d®y/4ax?)2ax . (1)

40
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.The kilactic enorgy“at zerolsﬁfain cnergy 1ls:
s aze) fwveax . ey
In simple harmonic motion: ' -
v = 2ny/T , (35
Substituting this value of v in (2) gives:

K

H

(2w2/gT?) [ wy?dx _ (4)
V=X (5)
whence: . -

4n? [ wyRdx . ' -

g [ BI(aRy/ax?)2ax - -
X = 1/1 ()

The distributed forces on the vibrating wing are
equal to tho mass times the accéleration. The accelera-
tion is proportional to the deflection, so that the forccs
are proportional to the welght times the deflection. It is
ngcossary only to determine the relative magnitudes of the
dcflections along the becam. Thelr absolute magnitudos do
not influence the period. ) o _ i S

The trué. form of the deflection curve can be computed
quite accurately and rcadily by a scrices of successive
approximations, becginning with 2 simple form of curve, STUch
as one with a constant radius, i.e.: .

d2y/dx2 = constant

In ecach successive approximation to the deflection
curve, it is assumed "thot the distributed forces are pro=-.
portional to the distributed welghts multiplicd dy the de=
flections computed in the precoding approximation. The
series of curves obtained in this manner converges very
rapidly toward a final farm. The calculations may be
readlly carried out by tabulations without actually draw-
ing any curves. On the other band, a graphical solution
with the assistance of a mochanical integraph mnay be o
quicker than tabulations. : -
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The procedurc is shown by the following cxample.

Exanple.l.~ Computc the period of vibration in the
beam dircction of o tapered cantilever wing in which the
monents of incrtia and the running weights at cleven
cqually spaced stations are as in table I. {(Station nun-
bers reproscnt distances from the root.)

B = 10 ' 1b./in.>?

Mcthod of Procedure

For the first approximation, the deflection y; in
the last column of table I 1s assumed to be proportional
to the square of the distance from the root.

The second approximation ¥z 1is calculated in tadle
II by taking the running loads equal $o wy,« The shcar
and bending aro then computed by successive intogratlionsg.,
Since rclative and not actual values arc rcquircd, and
the station spacings arc constant, the integrations con-
sist .mercly of summations, as will be apparent from in-
gpection of the table, without multiplying by the station
intervals.

In accordance with beam theory:
d2y/ax? = M/EI

The slope dy/dx is determined simply by summaw-
tion of M/I, omitting divieion by the constant E and
muzltiplicntion by the constant intorval, The deflcction
¥z 1is obtained by summation of day/dx.

Tho summations for dy/dx and y arc from tho root
outward (i.c., from the bottom upward in the table), while
the summations for § and M are from the tip iaward,
-0r from the top downward in the taodble.

The variations in the ratio y,/y, im the last column
of table II show the difforences betwoon the first and scc-
ond approxinations to the form of the deflectlon curve.

The third approximation ya 1s detormined in tadble
III by the same procedure as in table II. The ratio yafyz
is practically constant from tip to root, showing that the
curve has settled down to its final forn.

w5
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In table IV, d®y/dx® is the M/I of table III. The -
calculation and sunmation of I(dRy/dx2)2 from d4d2y/dx?
arc obvious. The calculation and sunmation of wy?2 fron
¥ of table III arec also obvious. :

Substituting in cquation (6) +the numerical volucs
of tho summations in table IV:

4m2 ¥ 65517 x 16 x 10 ©
286 x 10 ~ x 19160000

2 =

= 0.005595 scec.?
T = 0.0748 sce.

N = 13.36 v p s

Approxinate Solution

If it is assumed that a®°y/ax® = 1, corrcsponding
to a constant radius of curvature, the calculation of T
becomes tho extremely simple and scelf-cxplanatory process
shown in table V.

I(a®y/ax®)® = 1

dy/dx divided by the station intervel cquals 1, 2, 3, 4,
ctc., from the bottom up, and ¥y divided by thec square
of the intorval is the summation of dy/dx from the bot-
tom ups . .

2 _ 4m® x 10067 x 160000

T 388 x 10’ X 2965 -
= 0.005556 sec.®

T = 0,0745 sec.

N = 13.42 v p s

"he error in T and ¥ is only_0.4 percont.

Exonple 2.~ Since the very small err¥or in the approxi-
mate method might be purely chance in this example, arnother

calculation was made, using the same moments of inertia as
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in the yrevious example, but with an entirely different
distribution of weilghts The calculation of T by suc—
cesgive approximatlion is carrled out in tables VI to X,
inclusive, carrylng the approximation to ¥y one step
further than before. From the summations in table X,
—_—
2 4mr® X 18218 x 16 x 10

386 X 10 ' x 1267700

me 0.02352 sec.?

Il

T 0.15B4 scc.

" 6.52 v p s

Computation of T on the assumpbtion that dzy/dxB = 1
is carried out in table XI.

4m® x 42576 x 160000

0

T = =7
386 x 10° x 2965
= 0,02350 sec.?
T = 0.1533 scc.
N = 6.52 v p s

The error by the approximate saolution 1s cven lesgs,
than ia the preceding example.

From these two oxamples, it may be concluded that
the approximate method is satisfactory for mosgst cantilover
wingse It may be noted from tables IV and X that in tho
first example the true values of d2y/dx® vary about 80
percent between the root and the tip, while in the second
example the variation is only 50 percent, which accounts
for the closer results in the second examplo than in the
first; but it is s+ill rather romerkable thot tho approxi-
mate method should be so accurate for curvature that variloes
from DO percent to 80 percent from the assumed constant
valuc. -

Exomple 3.~ Compute the period of vibratlon of a
welghtless cantilcver of uwniform I = 300 in.% carrying
a concentrated load wf-. 1,000 pounds at 200 inches from the
root. -E = 10 1b./in 2.
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The exact solution is:

T = y/3.18 1 : L.

where y 1is the static deflection at the weight.

¥IL° 1000 x 200 °

Y =ET T Tooo x 1o o 8% e
T = 4/0.89/3.13 = 0.303 sec.
Assuﬁing d2?y/dx® = 1/R = const.
At tip, y = L?/2R = 20000/R

[wy?dx = 1000 x (20000/R)?

S EI(a?y/dax®)? ax = 10 ° x 300 x 200/R®

- 4n® x 1000 x (20000/m)°> |
386 x 10’ x 300 x 200/R® : ~

=l
]

0.088 sec.Z . -

T

0.281 ssc.

In this case the error is large, as might be expected -
from the fact that the actual d®y/dx2 varies as x instecad
of being constant. In other words, for a good approximow- -
tion to the period or frequency, the assumed curve of de= -
flection must not be too far from recality, although as shown
in the cxamples it can be quite surprisingly far without
approciable error in the result. ' S

Torsional Froguency

The twist of a thin-walled closed section under tor-
sional moments is given dby:

g~ Q ds
ix ey %

(8)

The strain energy of the twisted scctions 1s given
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av

—_— 3 EE (g) :
dx 2 dx
Let . - . i 2
x = (1/44%) [ (1/%) ds (10)

Combining (8), (9), and (10),

T =-g;/%<§—s>adx S (11)

The kinetic energy is gilven by:

dK _ Pw® _. 2mw3PgR
ax 2g gre
E = en® - Po2dx (12) =
gI2 | . \g
V=X ' -
whence
72 an® [ Pe®ax

= ' (13)
g6 f (1/k)(as/ax)*ax .

The period may be calculated by a procedure analogous
to that used for beam vidbrations, beginning with the as-
sumption that de/dx = 1, and finding the true form of
the twist by successive approximations,

Exomple 4.~ Find the torsional period of vibration _
of the cantilever wing having the charactoristics given -
in table XII.

Let ..G.= 4,000,000 1b./in.?

In the Pirst approximation, 8 1is assumed propor-
tilonal to the dlstance from the.root.

In the socond approximation, the applicd torslonal
moments are taken ocqual to PH. at cach station. Tho
total torquo Qg is obtailned by summation of these mo~
ments (table XIII). The twist is gilven by d468/dx = kQ/G.
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Sunmation of kQ, from the root outward gives 685, onit-
ting division by G.

It is scen from the last colunmn of table XIII thot
82/8, is a rcasonably constant ratio; but the successive
approxinations are carricd one step farther in table XIV.
The voriation in 63/62 is negligidble.

The summations of (l/k)(de/dx)2 and PB6® arec cal-
culated in table XV, using tkc valucs of 4a8/dxzx and 8
from table XIV.

The numnerical valucs from table XV arc substituted in

eguation (13), giving the torsional periodtd

5 4m® x 132464 X 4 x 10 °
o - — ; _
386 X 4 x 10° x 6559 x 10°
= 0.000206 sec.”?
T = 0.01435 seac.

N

I}

69.6 v D s i

The short-cut or apnroximate cealculation based on tho
assunption that 4a46/dx = 1 is carricd out ia table XVI.
O0nly the figures ian the last colunn and the sumnation of
the second column require any computoation. All the othcrs
nay be written down directly. Substituting the numéTrical
values in oguation (13), T

41 X 82120 Xx 400

72 = k- 3 - Te— L
386 x 4 x 10 x_4l57 ’
= 0.000202 sec.®
T = 0.0142 scc.
H=70.4vops

The error is only 1.0 percent.

Burcau of Acronautics, ¥ovy Departnent, L
Hashington, D. C., February 1936.
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